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ON A RATIONALITY PROBLEM FOR FIELDS OF CROSS-RATIOS II
TRAN-TRUNG NGHIEM AND ZINOVY REICHSTEIN
ABSTRACT. Let k be a field, x1, . . . , xn be independent variables and Ln = k(x1, . . . , xn).
The symmetric group Σn acts on Ln by permuting the variables, and the projective linear group
PGL2 acts by (
a b
c d
)
: xi 7→
axi + b
cxi + d
for each i = 1, . . . , n. The fixed field LPGL2n is called “the field of cross-ratios”. Given a
subgroup S ⊂ Σn, H. Tsunogai asked whether L
S
n rational over K
S
n . When n > 5 the second
author has shown that LSn is rational over K
S
n if and only if S has an orbit of odd order in
{1, . . . , n}. In this paper we answer Tsunogai’s question for n 6 4.
1. INTRODUCTION
Let k be a base field, n > 1 be an integer, x1, . . . , xn be independent variables, and Ln =
k(x1, . . . , xn). The group PGL2 acts on Ln via(
a b
c d
)
· xi →
axi + b
cxi + d
for i = 1, . . . , n. The field of invariantsKn = L
PGL2
n is generated over k by the cross-ratios
(1)
(xi − x1)(x3 − x2)
(xi − x2)(x3 − x1)
for i = 4, . . . , n. For this reason Kn is often called the field of cross-ratios. (If n 6 3, then
Kn = k.) The natural action of the symmetric group Σn on Ln by permuting the variables
descends to a Σn-action onKn. Let S be a subgroup of Σn. Motivated by the Noether problem,
H. Tsunogai asked the following question [Tsu17, Introduction].
Question 1. Is LSn is rational overK
S
n ?
For n > 5 the second author answered Question 1 as follows; see [Re20].
Theorem 2. Let S be a subgroup of the symmetric group Σn, where n > 5. Then the following
conditions are equivalent:
(a) LSn is rational over K
S
n ,
(a) LSn is unirational over K
S
n ,
(c) S has an orbit of odd order in {1, . . . , n}.
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The purpose of this paper is to address Question 1 in the case where n 6 4. For n 6 3, there
is an easy answer. Here, as we mentioned above, Kn = k and thus K
S
n = k for any S ⊂ Σn.
In other words, for n 6 3, Question 1 reduces to the following special case of the Noether
Problem: Is LSn rational over k? The answer is known to be “yes” for every subgroup S ⊂ Σn
(n 6 3); see, [KW14, Theorem 3.3].
The case, where n = 4 is more delicate. Our main result is as follows.
Theorem 3. Let S be a subgroup of Σ4.
(a) Assume S is not conjugate to 〈(1 2 3 4)〉. Then LS4 is rational over K
S
4 for any base field
k.
(b) Assume S is cyclic of order 4 and char(k) 6= 2. Then LS4 is rational over K
S
4 if and only
if k contains a primitive 4th root of unity.
(c) Assume S is cyclic of order 4 and char(k) = 2. Then LS4 is rational over K
S
4 .
Note that the symmetric group Σ4 has exactly 11 subgroups up to conjugacy; see [GPW].
Part (a) covers 10 of them. Note also that for n 6 3 and for n > 5 the answer to Question 1 is
independent of the base field k. For n 6 3, it is always ”yes”, and for n > 5, it depends only
on n and the subgroup S ⊂ Σn, up to conjugacy; see Theorem 2. A cyclic group S of order 4
in Σ4 represents the only instant where the answer to Question 1 depends on k.
We will view Ln, Kn, L
S
n and K
S
n as the function field of (P
1)n, (P1)n/PGL2, (P
1)n/S
and (P1)n/(PGL2×S), respectively. Here and in the sequel X/G will denote the rational (or
Rosenlicht) quotient variety for the action of an algebraic group G on an algebraic variety
X defined over k. Recall that the Rosenlicht quotient X/G is only defined up to birational
equivalence and that k(X/G) = k(X)G. For details of this construction and further references,
see [RS20, Section 2].
The remainder of this paper will be devoted to proving Theorem 3. Before proceeding with
the proof we would like to explain a new phenomenon which arises in this case and which
motivated our interest in Question 1 for n = 4. When n > 5, the PGL2-action on (P
1)n/S is
generically free. (For the definition of a generically free action, see the beginning of Section 2.)
Consequently, the natural projection
piS : (P
1)n/S → (P1)n/(PGL2×S)
is aPGL2-principal homogeneous space over the generic point Spec(K
S
n ) of (P
1)n/(PGL2×S).
It is shown in [Re20] that LSn is rational overK
S
n if and only if this principal homogeneous space
is split; the proof of Theorem 2 in [Re20] is based on this observation. When n = 4, piS is also
a PGL2-homogeneous space over the generic point of (P
1)n/(PGL2×S), but it may not be
principal. More precisely, the geometric fibers of piS in general position are isomorphic to
PGL2 /S[4], where S[4] = S ∩ V [4] is the intersection of S with the Klein 4-subgroup
(2) V [4] = {id, (12)(34), (13)(24), (14)(23)},
suitably embedded in PGL2. It is easy to see that S[4] = {1} if and only if S has a fixed point
in {1, 2, 3, 4}. In this case piS is again a principal homogeneous space over Spec(K
S
4
), and the
same argument as in [Re20] shows that LS
4
is rational overKS
4
. If S[4] 6= 1, then the arguments
from [Re20] no longer apply, and a different approach is required.
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2. FIRST REDUCTIONS
Recall that the action of an algebraic group G on an irreducible algebraic variety X defined
over a field k is called generically free if there exists a dense open G-invariant subvarietyX0 ⊂
X such that the stabilizerGx0 is trivial for every k-point x0 ∈ X0. Here, as usual, k denotes the
algebraic closure of k.
Let B denote the Borel subgroup of upper triangular matrices in PGL2. Equivalently, B ⊂
PGL2 is the stabilizer of the point ∞ = (1 : 0) ∈ P
1. The following lemma is undoubtedly
well known. For lack of a suitable reference, we include a short proof.
Lemma 4. Let X4 = (P
1)4/Σ4 ≃ P
4 be the space of unordered 4-tuples of points on P1. Then
the B-action on X4 is generically free.
Proof. Denote the stabilizer of the unordered 4-tuple of points {p1, . . . , p4} ∈ (P
1)4/Σ4 by
Hp1,...,p4. Assume the contrary: Hp1,...,p4 6= 1 for p1, . . . , p4 in general position.
Now let q1, . . . , q5 be a 5-tuple of points in P
1. Translating q5 to ∞ by a suitable element
of PGL2, we obtain a 5-tuple of the form p1, . . . , p4,∞. If q1, . . . , q5 are in general posi-
tion, then so are p1, . . . , p4. Hence, by our assumption, Hp1,...,p4 6= 1. Since Hp1,...,p4 is a
subgroup of B, we see that Hp1,...,p4 stabilizes ∞. Thus Hp1,...,p4 stabilizes the unordered 5-
tuple {p1, . . . , p4,∞}. Since the unordered 5-tuple {q1, . . . , q5} lies in the same PGL2-orbit as
{p1, . . . , p4,∞}, we conclude that the stabilizer of {q1, . . . , q5} in PGL2 is non-trivial. On the
other hand, it is well known that the stabilizer of an unordered 5-tuple of points of P1 in general
position is trivial, a contradiction. 
In the sequel we will denote the field LB
4
by F4. The various invariant fields we are interested
in are pictured in the diagram below.
(P1)4

✤
✤
✤
(P1)4/S

✤
✤
✤
(P1)4/(B × S)

✤
✤
✤
(P1)4/(S × PGL2)
L4 = k(x1, . . . , x4) 4
LS
4
rational
4
F S4
transcendence degree 1
2
LS×PGL24 = K
S
4 1
Here the fields in the middle column represents the function fields of the varieties on the left.
The right column lists the dimension of each variety (or equivalently the transcendence degree
of its function field) over k. We now proceed with the main result of this section.
Proposition 5. Let S be a subgroup of Σ4. Then the following are equivalent:
(a) LS4 is rational over K
S
4 ,
(b) LS
4
is unirational over KS
4
,
(c) F S
4
is unirational over KS
4
,
(d) F S4 is rational over K
S
4 .
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Proof of Proposition 5. The implication (a) =⇒ (b) =⇒ (c) are obvious. The field extension
F S
4
/KS
4
is of transcendence degree 2− 1 = 1. Hence, the implication (c) =⇒ (d) follows from
Lu¨roth’s theorem 1.
To prove the remaining implication (d)=⇒ (a), it suffices to show that LS
4
is rational over F S
4
.
By Lemma 4 the action of B on the space (P1)4/Σ4 ≃ P
4 of unordered 4-tuples of points on
P
1 is generically free. Hence, so is the action of B on (P1)4/S for any subgroup S ⊂ Σ4. Since
B is a special group (see [Se97, Proposition II.1.2.1]), this implies that (P1)4/S is birationally
isomorphic to
(
(P1)4/(B × S)
)
× B. Since B is a rational 2-dimensional variety over k, we
conclude that LS
4
is rational of transcendence degree 2 over F S
4
, as claimed. 
3. PROOF OF THEOREM 3(A)
Let S be a subgroup of Σ4 and consider the exact sequence
(3) 1→ S[4]→ S → S/S[4]→ 1 ,
where V [4] is the Klein 4-subgroup as in (2), S[4] := S ∩ V [4], and S/S[4] is a subgroup of
Σ4 /V [4] ≃ Σ3. Note that S[4] acts trivially onK4, and S/S[4] acts faithfully.
Lemma 6. The sequence (3) does not split if and only if S ⊂ Σ4 is a cyclic subgroup of order
4.
Proof of Lemma 6. Observe that the sequence (3) splits in the following two cases:
(i) if S[4] = 1 or (ii) if S = Σ4.
(i) is obvious, and (ii) follows from the fact that Σ3, naturally embedded into Σ4, is a com-
plement to V [4].
(ii) implies that the sequence (3) splits whenever S[4] = V [4]. Thus we may assume without
loss of generality that S[4] has order 2. Now S/S[4] is a subgroup of Σ3, so has order 1, 2, 3 or
6. Let us consider these possibilities in turn.
If |S/S[4]| = 1 or 3, then |S| = 2 or 6, respectively. Clearly, (3) splits in both cases.
If |S/S[4]| = 6, then |S| = 12, so S = A4 is the alternating group, and S[4] = V [4],
contradicting our assumption that |S[4]| = 2.
This leaves us with the case, where |S/S[4]| = 2, i.e., |S| = 4. Up to conjugacy there are
only two subgroups of order 4 in Σ4, namely V [4] and a cyclic subgroup generated by a 4-cycle.
Clearly S 6= V [4], because we are assuming that S[4] = S ∩ V [4] has order 2. Thus S is the
group of order 4 generated by a 4-cycle σ. In this case S[4] = 〈σ2〉, and the sequence (3) does
not split. 
We are now ready to complete the proof of Theorem 3(a).
Case 1: S[4] = 1. This is equivalent to the condition that S has a fixed point in {1, 2, 3, 4}.
As we mentioned in the Introduction, in this case the PGL2×S-action on (P
1)4 is generically
free, and the same argument used to prove Theorem 2 in [Re20] goes through unchanged. We
conclude that LS
4
is rational overKS
4
.
1Recall that Lu¨roth’s theorem asserts that a unirational field extension of transcendence degree 1 is rational; a
proof can be found, e.g., in [W74].
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Case 2: S ⊂ Σ4 is not cyclic of order 4. By Lemma 6, the sequence (3) splits. Let S
′ ⊂ S be
a complement to S[4]. By Case 1, LS
′
4
is rational overKS
4
. The diagram
LS
′
4
rationalLS4
unirational
KS
4
= KS
′
4
now shows that LS
4
is unirational over KS
4
. By Proposition 5, we conclude that LS
4
is rational
overKS
4
. 
4. A PRELIMINARY COMPUTATION
The approach we used in the previous section, does not work when S is a cyclic group of
order 4. To prove parts (b) and (c) of Theorem 3, we will resort to explicit calculations in the
next section. The purpose of this section is to prove the following lemma, which will facilitate
these calculations.
Lemma 7. Let k be a field, a and u be independent variables over k.
(a) Let σ be an automorphism of k(a, u)/k of order 2 given by σ(a) = 1−a and σ(u) = −
1
u
.
Assume char(k) 6= 2. Then k(a, u)〈σ〉 is rational over k(a)〈σ〉 if and only if k contains a primitive
4th root of unity.
(b) Assume char(k) = 2. Let σ be an automorphism of k(a, u)/k of order 2 given by σ(a) =
a + 1 and σ(u) = u+ 1. Assume char(k) = 2. Then k(a, u)〈σ〉 is rational over k(a)〈σ〉.
Proof. (a) Set b = 1 − 2a, so that σ(b) = −1 + 2a = −b. Since char(k) 6= 2, we have
k(a, u) = k(b, u) and k(a) = k(b). Thus part (a) is equivalent to
(a′) k(b, u)〈σ〉 is rational over k(b)〈σ〉 if and only if k contains a 4th root of unity.
Clearly k(b)〈σ〉 = k(x), where x = b2. We claim that k(b, x)〈σ〉 = k(x, y, z), where
y =
b
2
(u+
1
u
) and z =
1
2
(u−
1
u
).
Indeed, one readily checks that x, y, z ∈ k(b, x)〈σ〉. It remains to show that [k[(b, u) : k(x, y, z)] 6
2; the claim will immediately follow from the diagram below:
k(b, u)
degree 2
degree 6 2k(b, u)〈σ〉
k(x, y, z).
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To show that [k(b, u) : k(x, y, z)] 6 2, note that k(b, u) = k(x, y, z)(u) and u satisfies the
quadratic equation u2 − 2zu− 1 = 0 over k(x, y, z). This proves the claim.
We have thus reduced part (a) to the following assertion:
(a′′) k(x, y, z) is rational over k(x) if and only if k contains a primitive 4th root of unity.
Note that k(x, y, z) = k(b, u)〈σ〉 is of transcendence degree 2 over k and
y2 − xz2 − x = 0.
This equation defines a conic inA2 over the field k(x). Since this conic is absolutely irreducible,
k(x, y, z) is the function field of this conic. This field is rational over k(x) if and only if the
projective conic
Y 2 − xZ2 − xW 2 = 0
has a k(x)-point. Here Y , Z and W are homogeneous coordinates in P2. It thus remains to
show that
(a′′′) The quadratic form q(Y, Z,W ) = Y 2− xZ2− xW 2 is isotropic over k(x) if and only if
k contains a primitive 4th root of unity.
Suppose k contains a primitive 4th root of unity. Denote it by i. Then q(0, i, 1) = 0, so q is
isotropic over k(x).
Conversely, assume q is isotropic over k(x). That is, q(A(x), B(x), C(x)) = 0 for some
A(x), B(x), C(x) ∈ k(x), not all zero. After clearing denominators, we may assume that A(x),
B(x) and C(x) are polynomials with coefficients in k, and (A(0), B(0), C(0)) 6= (0, 0, 0).
Substituting x = 0 into the equation A(x)2 = x(B(x)2 + C(x)2), we see that A(0) = 0. Thus
the left hand side is divisible by x2 and consequently,B(0)2+C(0)2 = 0, whereB(0) and C(0)
are not both 0. This means that neither can be 0, and B(0)/C(0) is a primitive 4th root of unity
in k. This completes the proof of (a′′′) and thus of part (a).
(b) Set x = a(1 + a), y = u(1 + u), z = a + u. Note that x, y, z are invariant under σ and
[k(a, u) : k(x, y, z)] 6 2, because k(a, u) is generated by u over k(x, y, z), and u satisfies the
quadratic equation u2 + u + y = 0 over k(x, y, z). Using the same argument as in part (a), we
see that k(a)〈σ〉 = k(x), k(a, u)〈σ〉 = k(x, y, z) and k(x, y, z) is the function field of the affine
quadric
z2 + z + y + x = 0
over k(x). Equivalently, k(x, y, z) is the function field of the projective quadric
Z2 + ZW + Y W + xW 2 = 0,
over k(x), where Y , Z andW are homogeneous coordinates in P2. This conic has a k(x)-point
(Y : Z : W ) = (x : 1 : 1). Thus k(a, u)〈σ〉 = k(x, y, z) is rational over k(a)〈σ〉 = k(x). 
5. CONCLUSION OF THE PROOF OF THEOREM 3
Our goal is to prove parts (b) and (c) of Theorem 3. Wemay assume without loss of generality
that S = 〈σ〉 ⊂ Σ4, where σ is the 4-cycle (1 2 3 4).
We begin by constructing a convenient birational model for (P1)4/B, where the action of Σ4
is particularly transparent. (Recall that a priori the rational quotient (P1)4/B is only defined up
to birational isomorphism.) Let V be the 4-dimensional k-vector space, x1, . . . , x4 be a basis
for the dual space V ∗, V1 is the 1-dimensional subspace of V spanned by the vector (1, 1, 1, 1)
FIELDS OF CROSS-RATIOS 7
and V = V/V1. The dual space V
∗
is the 3-dimensional subspace of V ∗ consisting of linear
functions λ1x1 + . . .+ λ1x4 such that λ1 + . . .+ λ4 = 0.
The Borel subgroup B of upper triangular matrices in PGL2 decomposes as a semidirect
product U ⋊ T , where T ≃ Gm is the diagonal maximal torus and U ≃ Ga is the group of
matrices of the form
(
1 ∗
0 1
)
. One readily checks that the rational quotient (P1)4/U is Σ4-
equivariantly birationally isomorphic to the two-dimensional affine space A(V ) and the rational
quotient (P1)4/B is Σ4-equivariantly birationally isomorphic to the 2-dimensional projective
space
((P1)4/U)/T ≃ A(V )/Gm ≃ P(V ).
In other words, F4
def
= LB4 is Σ4-equivariantly isomorphic to the function field of P(V ) over k.
That is,
F4 = k
( λ1x1 + . . .+ λ4x4
µ1x1 + . . .+ µ4x4
| λ1 + . . . λ4 = µ1 + . . .+ µ4 = 0
)
;
cf. formula (4) on p. 904 in [Tsu17].
Proof of Theorem 3(b). Assume char(k) 6= 2. Then the linear functions
w = −x1 − x2 + x3 + x4,
y = −x1 + x2 + x3 − x4,
z = −x1 + x2 − x3 + x4
form a k-basis for V
∗
. Note that
x4 − x1 =
1
2
(w + z), x3 − x2 =
1
2
(w − z),
x4 − x2 =
1
2
(w − y), x3 − x1 =
1
2
(w + y).
Now recall that by (1),
(4) K4 = k(a), where a =
(x4 − x1)(x3 − x2)
(x4 − x2)(x3 − x1)
.
The fiber of the natural projectionmap (P1)4/B → (P1)4/PGL2 over the generic point Spec(K4)→
(P1)4/PGL2 is the quadric in P
3
K4
given by
(x4 − x1)(x3 − x2) = a(x4 − x2)(x3 − x1)
or equivalently, w2 − z2 = a(w2 − y2) or
(1− a)w2 − z2 + ay2 = 0 .
Setting u = w/y and t = z/y, we see that F4 = k(a, u, t), where
(5) (1− a)u2 − t2 + a = 0.
We claim that F
〈σ2〉
4 = k(a, u). Indeed, since σ(w) = −y, σ(y) = w, σ(z) = −z, and
σ(a) = 1− a, we see that
σ2(a) = a, σ2(u) = u, and σ2(t) = −t.
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Now consider the following diagram of field extensions
(6) F4
degree 2
degree 6 2F
〈σ2〉
4
k(a, u)
K4 = k(a).
Here [F4 : F
〈σ2〉
4 ] = 2 because σ
2 is an automorphism of order 2, and [F4 : k(a, u)] 6 2 because
t satisfies a quadratic equation over k(u, a); see (5). We conclude that F
〈σ2〉
4 = k(a, u). This
proves the claim.
Note that since trdegk(F
〈σ2〉
4
) = trdegk(F4) = 2, a and u are algebraically independent over
k. The group S/〈σ2〉 ≃ Z/2Z acts on F
〈σ2〉
4 = k(a, u) by σ : a 7→ 1 − a and σ : u 7→ −1/u.
Lemma 7(a) now tells us that F S4 = (F
〈σ2〉
4 )
S/〈σ2〉 = k(a, u)〈σ〉 is rational over KS4 = k(a)
〈σ〉 if
and only if k contains a primitive 4th root of unity. 
Proof of Theorem 3(c). Now assume that char k = 2. The linear functions
w = x1 + x2 + x3 + x4,
y = x1 + x3,
z = x1 + x4
form a k-basis for V
∗
. Again by (4), the fiber of the natural projection map (P1)4/B →
(P1)4/PGL2 over the generic point Spec(K4) → (P
1)4/PGL2 is the quadric in P
3
K4
given
by
(x4 + x1)(x3 + x2) = a(x4 + x2)(x3 + x1).
(Note that in characteristic 2, xi−xj is the same as xi+xj .) In w, y, z-coordinates, this equation
can be rewritten as z(w + z) = a(w + y)y, or equivalently, as
ay2 + ayw + z2 + zw = 0.
Setting u = y/w , t = z/w, we see that F4 = k(a, u, t), where
(7) au2 + au+ t2 + t = 0.
The action of σ is given by σ(w) = w, σ(y) = w + y, σ(z) = w + y + z. Thus
σ2(w) = w, σ2(y) = y, σ2(z) = w + z
Examining the diagram of field extensions (6) and arguing as in the proof of Theorem 3(b)
above, we conclude that F 〈σ
2〉 = k(a, u), where a and u is algebraically independent over k(a).
Once again, the group S/〈σ2〉 ≃ Z/2Z acts faithfully on F
〈σ2〉
4
= k(a, u) by σ : a 7→ 1 − a =
a + 1 and σ : u 7→ u + 1. By Lemma 7(b), F S
4
= k(a, u)〈σ〉 is rational over KS
4
= k(a)〈σ〉, as
desired. 
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